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To any spectrum G we may associate an -spectrum fG r : r 2 Zg by choosing G r to be the space representing the cohomology functor G r ( ). Given a second spectrum E, we may then consider the bigraded homology module E (G ). If we assume that both spectra are multiplicative and that the homology functor E ( ) behaves suitably well with respect to products, then E (G ) constitutes a Hopf ring over the coe cients E .
Ravenel and Wilson concentrated on the cases when both G and E are complex oriented, as de ned in 1]. In this situation each of the corresponding cohomology theories gives rise to a formal group law, and the interaction of these two laws forms a central pillar of their theory. The universal complex oriented example is the complex bordism spectrum MU, and they succesfully analysed the Hopf ring E (MU ) for several di erent E.
Subsequently, other Hopf rings have been investigated by similar methods, as in 8] and 15], but little is known about global structure in the absence of complex orientability.
However, if we restrict our attention to the nonnegatively graded spaces fG r : r 0g, written as G 0 , the homology module is still a Hopf ring and the picture becomes clearer for certain other important spectra. For example, if we let S denote the sphere spectrum (which is initial in the category of all spectra, and for which S r is more usually written QS r ), and if we take E to be the mod p Eilenberg-MacLane spectrum for some prime p, then E (S 0 ) has recently been described purely in terms of the Dyer-Lashof algebra acting on the canonical zero-dimensional class 22] . The corresponding action in the case of MU has also been determined 9], 21].
These observations suggest that the global Hopf ring machinery is good for computation with complex orientable examples whose coe cient rings are known, but that for cases which are closer to the sphere spectrum it is more fruitful to consider the nonnegatively graded homology Hopf ring in terms of the Dyer-Lashof operations. It is therefore of considerable interest to examine cases which lie between the two extremes.
Following this lead, we initiate the study of examples F which are symplectic oriented; that is, which admit a suitable Pontryagin class in the cohomology group F 4 (HP 1 ) of quaternionic projective space. The universal example is the symplectic bordism spectrum MSp, on which we shall expend much of our e ort. Another classic case is provided by KO, the spectrum of real K-theory, whose Hopf ring has been computed in 20] and to which we shall refer below. Neither of these examples admits a complex orientation, and therefore has no formal group law. Because the behaviour of symplectic oriented spectra is especially signi cant at the prime 2, we shall concentrate on the mod 2 homology Hopf rings H (F ) . Some of our computations have integral analogues, to which we hope to return elsewhere.
There are natural spectrum maps where i is the unit provided by the initiality of S, and j is the forgetful map. Every complex orientation may be symplecti ed using j. There is considerable similarity between S and MSp, in that both coe cient rings are unknown yet contain systematic families of 2-torsion elements whose properties are reasonably well understood. Again, there are analogies between MSp and MU insofar as both are well related to quaternionic and complex projective space respectively. Moreover, MU is a torsion free polynomial algebra, whilst MSp has a large torsion free subalgebra which is polynomial after the inversion of the prime 2.
Our ultimate aims are to describe the action of the Dyer-Lashof algebra on H (MSp ), and to examine the global structure of the Hopf ring by methods which derive from 14]; these programmes are related to the maps i and j respectively. In addition, we seek to understand the Hurewicz homomorphism h: MSp ?! H (MSp 0 ):
We study in detail the contribution made by the family of torsion elements n in MSp (de ned in 17]), and illustrate how they provide a link between our two primary goals.
We discover that the elements 2 i play a special rôle, as has recently been noted 23] in the context of bordism with singularities. These elements have Hopf invariant 1 in the sense that they are detected by primary mod 2 cohomology operations applied to the Thom class of MSp, and we show that their Hurewicz images may be neatly expressed in terms of Dyer-Lashof operations.
We begin in section 2 by recalling background information on symplectic cobordism. We propose a formal twist as substitute for the missing formal group law, outline the crucial relationship it provides between the rst symplectic Pontryagin class and Buh staber's elements in the cohomology of real projective space, and then describe the workings of the real transfer. In section 3 we introduce the bulk of our notation pertaining to mod 2 homology Hopf rings, and de ne some basic homology classes in H (MSp ). We compute the actions of the Steenrod and Dyer-Lashof operations on these classes in section 4, employing the formal power series methods developed in 20] and 21]. In section 5 we turn to the study of the relations which hold in H (MSp ), dividing them into three types according to their respective origins in the formal twist, suspension theory, and the structure of real projective space. Some of our most satisfying results then follow in section 6, where we establish the behaviour of the homology elements n ] as the iterated homology suspension chases them through the spaces of MSp ; this subsumes an analysis of the Hurewicz images of the n under 1.2, and a brief discussion of geometrical implications. We nally introduce our model Hopf ring for H (F ) in section 7, and justify its de nition by proving that it is precise in the case of KO.
Throughout our work we utilise the symbol to denote the space consisting of a single point, and we reserve the label F for a spectrum which carries a speci c symplectic orientation. We write H ( ) for the mod 2 homology functor, and whenever integral homology is required we make the coe cients explicit. Given a sequence of homology classes a k , we display their generating function as a formal power series a(t) = 1 X k=0 a k t k (1.3) in the variable t; related formal power series will be introduced as required. We also follow the growing trend of using juxtaposition to denote -products in our Hopf rings.
We are especially grateful to Peter Eccles and Doug Ravenel for several helpful conversations, and to Takuji Kashiwabara for providing us with preliminary material from his PhD thesis 9].
Background on symplectic cobordism
In this section we outline relevant aspects of the theory of MSp, introducing certain novel formulae pertaining to the formal twist.
So far as the coe cient ring MSp is concerned, we shall label the generators of the low dimensional groups by We write , and for the real, complex and symplectic line bundles over the respective projective spaces RP 1 , CP 1 and HP 1 ; we may also use the same notation for their restrictions to nite skeleta. We decree in advance that the quaternions H act on the left of all symplectic bundles, and note that we may form tensor products such as R , which is again a symplectic bundle. The cohomology ring H (HP 1 ; Z) is generated by the rst symplectic Pontryagin class p 1 ( ), and we write the elements of the homology basis dual to its powers as k in H 4k (HP 1 ; Z).
Recall n (1)z n : (2.5) This is our substitute for the missing formal group law, and for ease of reference we cannot resist labelling it as the formal twist.
As might be expected, the formal twist has certain important associativity properties, which we investigate with the aid of the canonical product p: Proof. The transfer t arises from the double covering map of RP 1 . As such it obeys the standard product formula 2] t(1) x = t(1 (x)); (2.13) from which it follows that the cobordism class t (1) (RP 1 4 ) to be an extension of x; thus the second homomorphism in the exact sequence is multiplication by x. Applying 2.11 and 2.13 to 2.14, we deduce that both t(1) and 2 + P n 1 n (1)x n?1 lie in the kernel of x, and hence in the image of h. But for dimensional reasons the latter image is MSp . This integer is easily seen to be 2 in both cases, proving the result.
Finally, in order to assist us with our study of the universal example, we recall the Landweber-Novikov operations of 11] and 13]. These are stable cohomology operations of the form
where ! is any sequence of natural numbers (n 1 ; n 2 ; : : : ) such that n k is eventually zero, and j!j stands for the nite sum P k kn k . The properties of these operations are entirely analogous to those of their complex counterparts, which are detailed exhaustively in 1, Theorem 5.2]. Although the S ! are usually interpreted as self maps of the MSp spectrum, we may construct them at the -spectrum level by appealing to Brown's representability theorem 3]. We thereby obtain maps S ! : MSp k ?! MSp k+4j!j ; (2.15) which induce the standard action on the homotopy ring, and a corresponding action which commutes with -products and the Dyer-Lashof operations on H (MSp ).
3. Homology Hopf rings In this section we aim to establish our Hopf ring notation. This can be a tricky business, and we refer to 14] as a global reference; but it is convenient to reiterate the fundamentals here, working with the mod 2 homology ring H (G ) for an arbitrary multiplicative spectrum G. By way of illustration we conclude with a description of some important classes in H (MSp ).
We emphasise that homology groups are unreduced. As usual, G will denote the graded ring of coe cients G ( ), and whenever G n is disconnected we follow convention by displaying the base component as G n 0 .
Loop sum and smash product respectively induce the and product maps
for all natural numbers m and n, and integers j and k. The diagonal induces the coproduct
for each integer k, often written as (a) = P a 0 a 00 . All three maps interact according to the distributivity law a (b c) = X (a 0 b)(a 00 c);
where we omit the usual signs because we are working exclusively mod 2. It will often be convenient to write the submodule of -decomposable elements as Dec( ), noting that it is an ideal with respect to product by virtue of 3. We shall use these formulae, both implicitly and explicitly, many times.
There is a canonical primitive element e in H 1 (G 1 ), such that product with e n is the n-fold homology suspension homomorphism. Note that e is primitive, so that 3.1 implies that e (or e) annihilates any nonzero dimensional element of Dec( ).
We now specialise to the case H (MSp ). Recall from Section 2 the Pontryagin class x in MSp 4 (RP 1 ), whose de nition ensures that we may factorize a representing map (also denoted by x) through z as
(3.4) Let n in H n (RP 1 ) be the standard generator, and consider the element x ( n ) in H n (MSp 4 ). In view of the factorisation 3.4, this element can only be nonzero if n is divisible by 4, in which case we write x ( 4k ) as q k . It is thus the image of the mod 2 reduction of k under z . Each q k is nonzero, since it stabilises under iterated suspension to the reduction of q k of H (MSp), whence the notation. We remark that q 0 is 0 4 ], and as the -identity may also be denoted by 1.
Performing the corresponding construction with each map n (1): RP 1 ?! MSp 4?4n ;
we de ne the image of k to be n;k in H k (MSp 4?4n ). Of course MSp 4?4n is disconnected for every n > 0, and n (1) maps into the zero component. Hence n;0 is 0 4?4n ] for each n. The coproduct formulae for the above elements may be expressed most economically in terms of the power series identities (q(t)) = q(t) q(t) and ( n (t)) = n (t) n (t); (3.5) which follow from the corresponding structure of the diagonal map on H (RP 1 ).
4. Steenrod and Dyer-Lashof operations Using the formulae of Section 2, we now give a full description of the action of the Steenrod and Dyer-Lashof algebras on the elements of H (MSp ) introduced above. We use the convention of writing dual Steenrod operations on the right, and de ne power series xSq (s) = P k 0 xSq k s k and Q(s)x = P k 0 Q k xs k . Since the operations Sq k are natural and n;i is the image of i under the map n (1) we obtain 4.3. Proving 4.2 is similar. Note that the power series (t) satis es (s + t) = (s) (t); (4.6) this formula is a restatement of the properties of the diagonal map for RP 1 , and encapsulates the divided power structure of the ring H (RP 1 ). Of course (s) (t) is precisely p ( (s) (t)) in terms of the product map p on RP 1 .
To describe the action of the Dyer-Lashof algebra, we follow the methods used in 21] for MU. The transfer carries the Dyer-Lashof operations on the element 1], so using Lemma 2.12 yields ):
This may be improved by using the distributivity of and products to give Q(s)q(s ):
By similar methods, we deduce the corresponding formula for the i;j to be Q(s)( n (sw)) = n (s X 
Relations
We now consider three sets of relations amongst the elements which we introduced in Section 3.
For the rst set, we utilise the formal twist in a manner which mimics Ravenel and Wilson's application of the formal group law. In 2.11 we have already noted that certain combinations of these classes are zero, and since MSp (RP m ) fails to be a free module (for both nite and in nite m) we can expect there to be many other such expressions. Each of these spawns relations in H (MSp )in the usual fashion. In the case of 2.11, they are subsumed by the formal twist relations, but in other cases (such as those we have exhibited in 6], for example) they may be new.
In particular, for 1 < m < 1 we proceed as follows.
Let be the standard double covering map, and consider the co bre sequence ).
This completes our description of our basic elements and relations in H (MSp ). So far as generating the Hopf ring is concerned, they incorporate a great deal of redundancy, and it is worth concluding this section with some elementary examples to emphasise the point.
Lemma 5.16. Whenever k is not a power of 2, the element q k is decomposable with respect to and products.
Proof. For k 6 = 2 i write k = m2 j with j maximal, so that m > 1 and m 6 0 mod 2.
Consider the coe cient of s for the square of any suspension element.
6. The Hurewicz map So far as we are aware, the problem of determining the image of the Hurewicz homomorphism S ! H (QS 0 ) is still unsolved. It is therefore appropriate to consider the corresponding homomorphism 1.2 for MSp, using the information we have gathered in previous sections. We concentrate on the images of the elements n , which of course stabilise to zero in H (MSp) for dimensional reasons. We believe that the results we obtain are themselves of su cient interest to justify our study of the Hopf ring H (MSp ).
We begin with a sequence of lemmas, in which we use the formal twist relation 5.2 to analyse iterated suspensions of the classes n;1 . As a consequence of 6.4 and 6.5, we remark that n;1 e (8n? 22) = 0 for n 6 = 2 i and n;1 e (8n? 6) = 0 for all n. (6.6) In order to exploit 6.5 to the full, we need one nal lemma. MSp(N + n)) is carried by the adjoint of the inclusion map of the bottom cell in MSp(N + n). Since MSp 4n?3 may be expressed as lim ?! 4N +3 MSp(N + n), it follows that a maps to e (4n? 3) under the direct limit, and it therefore su ces to prove that a ?3) , exemplifying the principle that homotopy elements detected by a primary mod 2 cohomology operation on the Thom class should be expressible as a Dyer-Lashof image in the mod 2 homology Hopf ring.
We have been unable to determine whether or not n;1 e (8n? 23) is nonzero for all n 6 = 2 i ; the best statement we can make is embodied in the nal lemma of our sequence. Lemma 6.8. Write n as 2 i + 2j, where 0 j < 2 i?1 ; then n;1 e ?7) is nonzero by 6.5 and 6.7, our proof is complete.
Note that 6.8 does imply that n;1 e (8n? 23) is nonzero whenever j is 1. We now harvest the fruits of the above ve lemmas, and determine the action of the Hurewicz homomorphism h: MSp ! H MSp 0 on the elements and n , and on almost all of their products. Theorem 6.9. The Hurewicz homomorphism is nonzero on and n for all n 1; it is also nonzero on . If we express 2n as 2 i + 2j with 0 2j 2 i ? 1, it follows that 8n ? 4 < 16n ? 16j ? 7, and 6.8 may then be applied to con rm that h( n ) is nonzero.
A product of the form n has Hurewicz image 1;1 n ] e (8n?3)
. But 8n ? 3 > 2, . If we suppose that n > m 1, then 8(n + m) ? 7 
A model Hopf ring
Having partially determined the structure of H (MSp ), we devote this section to a purely algebraic construction of a model Hopf ring H M F , which serves as an approximation to H (F ) for an arbitrary symplectic oriented spectrum F. We cannot expect our model to provide a precise description of the universal case, since the structure of MSp is so elaborate. Nevertheless, it provides an interesting approximation, and a convenient framework in which to investigate systematic algebraic phenomena. By way of justi cation, we prove that our model is precise in the case of real K-theory.
A symplectic orientation z F in F We proceed by analogy with the universal case, beginning with the geometry.
We may apply F cohomology to the map g : RP 1 We begin with the Hopf ring F 2 F ] of section 3, over which we apply the RavenelWilson functor FHR of 14, 1.19] to create the free Hopf ring on a certain graded supplementary coalgebra C F ( ). We choose C F ( ) to be the F 2 coalgebra for which C F (1) is generated by the primitive element e in C F 1 (1) , and for which C F (4) has basis elements q F k in C F 4k (4) , where k 0, and C F (4 ? 4n) has basis elements F n;k in C k (4 ? 4n), where k; n 0. We insist that q F 0 = 0 2 ] and F n;0 = 0 4?4n ], and that the coproducts are given by (q F (t)) = q F (t) q F (t) and ( F n (t)) = F n (t) F n (t): Notice that elements F n;k will not appear in the model for any k if the cohomology class n (1) Since the relations that we impose to obtain the model all hold in the homology Hopf ring, our homomorphism extends to the quotient as claimed.
To establish the diagram 7.1 we utilise the homomorphism MSp ! F of coe cient rings, induced by the map MSp ! F of -spectra. This extends to F 2 MSp ] ! F 2 F ], over which we de ne de ne the homomorphism H M MSp ! H M F by preserving e, and appending the superscript F to each of the elements q k and n;k . The commutativity of the diagram is then ensured.
An important and illuminating example is provided by real K-theory, for which we shall determine the model Hopf ring H M KO and prove that it is precise. We rst establish the necessary notation, taking 20] as our source. Proof. Strickland 20] has given the following description of H (KO ). Consider u as a map RP 1 ! KO 0 , and denote the elements u ( k ) by z k in H k (KO 0 ). Choose C( ) to be the F 2 coalgebra for which C(1) is generated by the primitive element e in C 1 (1) , and for which C(0) has basis elements z k in C k (0), where k 0 and z 0 = 0 0 ]; the required coproduct is speci ed by (z(s)) = z(s) z(s). Then H (KO ) is isomorphic to the free F 2 KO ]-Hopf ring on C( ), subject to the relations z(s + t) = z(s)z(t)(z(s) z(t)) (7.10) e ] = z 1 (7.11 Although this result o ers a degree of satisfaction, we conclude with some cautionary remarks concerning the precision of H M F in general.
As explained in Section 1, every complex oriented spectrum may naturally be symplecti ed. In this case, the complex orientation c F in F ) cannot be written as a square, we declare that F has no real 2-root. Otherwise, we take m to be the largest integer such that there exists a class w F (m) in F 2 (RP m ) whose square is x F (m), and refer to w F (m) as a real m-root for F, where 2 m < 1 (or simply as a real root if m is 1). Whenever such a root exists, we de ne classes b F k by w F (m) ( 2k ) in H 2k (F 2 ), for 1 2k m. Because w F (m) 2 = x F (m), there is an expression for each of the relevant elements q F l as a quadratic polynomial in terms of those b F k having 2k < l. We import these classes, and their corresponding relations, into the model Hopf ring.
If F is complex orientable, it visibly possesses a real root and this construction appends the Ravenel-Wilson elements to the model. On the other hand, if F is such that the generator of the 1-stem survives in the coe cient group F 1 (as is the case, for example, with MSp or KO where it maps to ), then there can be no real 2-root. This follows from a simple co bration argument, based on the fact that is the attaching map of the 4-cell in CP 2 . In these cases our model Hopf ring retains its original form. It is possible to show that the classes b F k are independent of the choice of m-root, so long as we continue to restrict our attention to mod 2 homology. Following the lead of 7], we may also establish a connection between the occurrence of an initial subsequence of zeros amongst the elements F n , and the existence of a real m-root for some corresponding m; but this raises other interesting issues, which deserve further study elsewhere.
Computational note
The power series methods we have used throughout this work are susceptible to mechanical computation, and the third author has prepared tables of computer generated formulae relating to the formal twist relations. These are available by email from the second author on request.
